By using a second quantized formulation of level crossing, which does not assume adiabatic approximation, the exact formula for geometric terms including off-diagonal terms is derived. If one diagonalizes the geometric terms in the infinitesimal neighborhood of level crossing, the geometric phases become trivial for any finite time interval T . The topological interpretation of Berry's phase such as the topological proof of phase-change rule thus fails for any finite T .
The geometric phases are mostly defined in the framework of adiabatic approximation [1] - [6] , though a non-adiabatic treatment has been considered in, for example, [7] . One may then wonder if some of the characteristic properties generally attributed to the geometric phases are the artifacts of the approximation. We here show that the topological properties of the geometric phases associated with level crossing are the artifacts of the approximation which assumes the infinite time interval T → ∞. To substantiate this statement, we start with the exact definition of geometric terms associated with level crossing. The level crossing problem is formulated by using the second quantization technique without assuming adiabatic approximation. We thus derive the exact formula for geometric terms [1] and their off-diagonal generalizations which are not easily treated in the first quantization. (See, however, [8] where the off-diagonal geometric phases in the framework of an adiabatic picture in the first quantization have been proposed, and their properties have been analyzed in [9, 10, 11] .) Our exact formula allows us to analyze the topological properties of the geometric terms precisely in the infinitesimal neighborhood of level crossing. At the level crossing point, the conventional energy eigenvalues become degenerate but the degeneracy is lifted if one diagonalizes the geometric terms. It is then shown that the geometric phases become trivial (and thus no monopole singularity) in the infinitesimal neighborhood of level crossing for any finite time interval T . The topological interpretation [3, 1] of geometric phases such as the topological proof of Longuet-Higgins' phase-change rule [4] thus fails for any finite T . In practical physical applications of geometric phases, finite T is relevant [1] and thus our analysis implies a basic change in our understanding of the qualitative aspects of geometric phases associated with level crossing.
We start with the generic (hermitian) Hamiltonian
where
We next perform a unitary transformation a n = U(X(t)) nm b m where
with the instantaneous eigenfunctions of the Hamiltonian
We emphasize that U(X(t)) is a unit matrix both at t = 0 and t = T if X(T ) = X(0), and thus {a n } = {b n } both at t = 0 and t = T . We can thus re-write the path integral as
where the second term in the action stands for the term commonly referred to as Berry's phase [1] and its off-diagonal generalization. The second term is defined by
In the operator formulation of the second quantized theory, we thus obtain the effective Hamiltonian (depending on Bose or Fermi statistics)
Note that these formulas (3), (4) and (5) are exact and, to our knowledge, the formulas (4) and (5) have not been analyzed before. The off-diagonal geometric terms in (5), which are crucial in the analysis below, are missing in the usual adiabatic approximation in the first quantization 1 . In our picture, all the phase factors are included in the Hamiltonian. We now assume that the level crossing takes place only between the lowest two levels, and we consider the familiar idealized model with only the lowest two levels, which is sufficient to clarify the issue we are interested in. The effective Hamiltonian to be analyzed in the path integral (3) is then defined by the 2 × 2 matrix h(X(t)) = (E nm (X(t))). If one assumes that the level crossing takes place at the origin of the parameter space X(t) = 0, one needs to analyze the matrix
for sufficiently small (X 1 (1), X 2 (1), ...). By a time independent unitary transformation, which does not induce a geometric term, the first term is diagonalized. In the present approximation, essentially the four dimensional sub-space of the parameter space is relevant, and after a suitable re-definition of the parameters by taking linear combinations of X k (t), we write the matrix as [1] h(X(t)) =
where σ l stands for the Pauli matrices, and g is a suitable (positive) coupling constant.
1 It is possible to show that
where T ⋆ stands for the time ordering operation. The state |n on the left-hand side is defined by b † n (0)|0 whereas |n(0) and |n(T ) on the right-hand side are defined by the eigenfunctions ofĤ(ˆ p,ˆ x, X(t)). We defined the Schrödinger picture bŷ
The above matrix is diagonalized
where r = y 
by using the polar coordinates, y 1 = r sin θ cos ϕ, y 2 = r sin θ sin ϕ, y 3 = r cos θ. Note that v ± (y(0)) = v ± (y(T )) if y(0) = y(T ) except for (y 1 , y 2 , y 3 ) = (0, 0, 0), and θ = 0 or π.
where m and n run over ±, we have
The effective Hamiltonian (5) is then given bŷ
In the conventional adiabatic approximation, one approximates the effective Hamiltonian (9) byĤ
which is valid for T gr(t) ≫hπ, the magnitude of the geometric term. The Hamiltonian for b − , for example, is then eliminated by a "gauge transformation"
in the path integral (4), and the amplitude 0|ψ(T )b † − (0)|0 , which corresponds to the probability amplitude in the first quantization, is given by (up to a wave function φ E ( x))
with 0|b − (T )b † − (0)|0 = 1. For a 2π rotation in ϕ with fixed θ, for example, the geometric term gives rise to the well-known factor exp{iπ(1 − cos θ)} by using (8) [1] .
Another representation, which is useful to analyze the behavior near the level crossing point, is obtained by a further unitary transformation b m = U(θ(t)) mn c n where m, n run over ± with b † − (0)|0 one may first make r → small with fixed θ and ϕ, then make a 2π rotation in ϕ in the bases c † ± |0 , and then come back to the original r with fixed θ and ϕ for a given fixed T ; in this cycle, one does not pick up any non-trivial geometric phase even though one covers the solid angle 2π(1 − cos θ). The transformation from b ± to c ± is highly non-perturbative.
It is noted that one cannot simultaneously diagonalize the conventional energy eigenvalues and the induced geometric terms in (9) which is exact in the present two-level model (6) . The topological considerations [3, 1] are thus inevitably approximate. In this respect, it may be instructive to consider a model without level crossing which is defined by setting y 3 = ∆E/2g in (9) , where ∆E stands for the minimum of the level spacing. The geometric terms then loose invariance under the uniform scaling of y 1 and y 2 . In the limit y 2 1 + y 2 2 ≫ ∆E/2g, θ → π/2 and the geometric terms in (9) exhibit approximately topological behavior for the reduced variables (y 1 , y 2 ). Near the point where the level spacing becomes minimum, which is specified by (y 1 , y 2 ) → (0, 0) (and thus θ → 0), the geometric terms in (9) assume the form of the geometric term in (14) . Our analysis shows that the model with level crossing exhibits precisely the same topological properties for any finite T .
It is instructive to analyze an explicit example in Refs. [12, 13] where the following parametrization has been introduced
and g = µ. The case b 1 = 0 and B z = 0 corresponds to the model without level crossing discussed above, and the geometric phase becomes trivial for B 0 → 0. The case b 1 = B z = 0 describes the situation in (14) , namely, a closed cycle in the infinitesimal neighborhood of level crossing for B 0 → 0 with T = 2π/ω kept fixed, and the geometric phase becomes trivial. On the other hand, the usual adiabatic approximation (10) with θ = π/2 in the neighborhood of level crossing is described by b 1 = B z = 0 and B 0 → 0 with µB 0 /hω ≫ 1 kept fixed, namely, the effective magnetic field is always strong; the topological proof of phase-change rule [3] is based on the consideration of this case. (If one starts with b 1 = B z = 0 and ω = 0, of course, no geometric terms.) In this analysis, it is important to distinguish the level crossing problem from the motion of a spin 1/2 particle; the wave functions (7) are single valued for a 2π rotation in ϕ with fixed θ. The path integral (3) , where the Hamiltonian is diagonalized both at t = 0 and t = T if X(T ) = X(0), shows no obvious singular behavior at the level crossing point. On the other hand, the path integral (4) is subtle at the level crossing point; the bases {v n ( x, X(t))} are singular on top of level crossing as in (7), and thus the unitary transformation U to (4) and the induced geometric terms become singular there. The present analysis suggests that the path integral is not singular for any finite T , as is expected from (3). We consider that this result is natural since the starting Hamiltonian (1) does not contain any obvious singularity.
The conventional treatment of geometric phases in adiabatic approximation is based on the premise that one can choose T sufficiently large for any given ǫ ∼ r such that T gǫ ≫h, and thus T → ∞ for ǫ → 0, namely, it takes an infinite amount of time to approach the level crossing point [1, 2] . Finite T may however be appropriate in practical applications, as is noted in [1] . Because of the uncertainty principle T ∆E ≥ 1 2h
, the (physically measured) energy uncertainty for any given fixed T is not much different from the magnitude of the geometric term 2πh, and the level spacing becomes much smaller than these values in the infinitesimal neighborhood of level crossing for the given T . An intuitive picture behind (14) is that the motion inφ smears the "monopole" singularity for arbitrarily large but finite T .
The notion of Berry's phase is useful in various physical contexts [14] - [15] , and the topological considerations are often crucial to obtain a qualitative understanding of what is going on. Our analysis however shows that the (precise) topological interpretation of Berry's phase associated with level crossing generally fails in practical physical settings with finite T . This is in sharp contrast to the Aharonov-Bohm phase [7] which is induced by the time-independent gauge potential and topologically exact for any finite time interval T . The similarity and difference between the geometirc phase and the AharonovBohm phase have been recognized in the early literature [1, 7] , but our second quantized formulation, in which the analysis of the geometric phase is reduced to a diagonalization of the effective Hamiltonian, allowed us to analyze the topological properties precisely in the infinitesimal neighborhood of level crossing.
